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Bridge construction on an expressway interchange.

CHAPTER 3

Flexural Analysis of Beams

ABSTRACT

In this section, it is assumed that a small transverse
load is placed on a concrete beam with tensile
reinforcing and that the load is gradually increased in
magnitude until the beam fails. As this takes place,
the beam will go through three distinct stages before
collapse occurs. These are: (1) the uncracked
concrete stage, (2) the concrete cracked—elastic
stresses stage, and (3) the ultimate-strength stage. A
relatively long beam is considered for this discussion
so that shear will not have a large effect on its
behavior.

Ali R. Emami
Reinforced Concrete: Mechanics and Design



Flexural Analysis of Beams

Introduction

Some Observations about Flexural Behavior:
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FIGURE 6.1 (a) Laboratory test beam. () Beam cross section. (After Panagiotou et al., 2013.)
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FIGURE 6.3 Development of damage in test beam. (After Panagiotou et al., 2013.)



Reinforced concrete beam behaviour:

(1) Uncracked Concrete Stage
(2) The concrete cracked-elastic stresses stage
(3) The ultimate-strength stage
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The relation between load and displacement
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(b) Strain diagram

FIGURE 6.6 Flexural deformations and normal strains.
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The relation between moment and curvature
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FIGURE 24 Moment—curvature diagram for reinforced concrete beam with
tensile reinforcing only.
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(1) Uncracked Concrete Stage

At small loads when the tensile stresses are less than the modulus of rupture
(the bending tensile stress at which the concrete begins to crack), the entire

cross section of the beam resists bending, with compression on one side and
tension on the other.
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(1) Uncracked Concrete Stage...
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(1) Uncracked Concrete Stage...
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(2) Concrete Cracked—-Elastic Stresses Stage

As the load is increased after the modulus of rupture of the concrete is
exceeded, cracks begin to develop in the bottom of the beam. The moment at
which these cracks begin to form—that is, when the tensile stress in the
bottom of the beam equals the modulus of rupture—is referred to as the
cracking moment, Mcr. As the load is further increased, these cracks quickly
spread up to the vicinity of the neutral axis, and then the neutral axis begins
to move upward.
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(2) Concrete Cracked-Elastic Stresses Stage...
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2) Concrete Cracked-Elastic Stresses Stage...
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(2) Concrete Cracked-Elastic Stresses Stage...

% T [ .
/ kd
| . >
< jd = dw%d
nAg J
) fy
7 i ) _IIIIT—= > T
b p —
(a) (b)
k

jd=d—kdf3,or j=1——

3
_ Ji _
C=Lbkd and T=Af

M=Td=Afjd my f= Jd

M= de=’-;ﬁbkd,d——kbd2 m ;=

kj bd2

13



Sl iV Jge Cd 3,8 0 5 e ast S o o K0 i ) 5 S o
Jsol 3l oslizal b f, = 400 MPQ imea 5 fl = 30 MPa o35 i 55 L Asly o T 2287 5Y 8

cbjfd{jdaj.ﬂwﬂ‘dw A
Sz sVl a5 Mgy ¢ s Sud b S Y
Mgy S 5N 6 0S50 5 o golid i STlas ¥

Mmaxc,afsp;;;,g;.;:umijﬂm,ﬂ; ¥

Subject
Year Month Date ()

Fle." 30 Mk b = 300 mm c
q- By Hoo Mfa .. d = 436 mm
— \~A5:34’ZS~ h = Sc0 Mm
430 | Seomm o
s | S¥=

il B As= 1973 mm? We = 2480 ky/m3

- = E ?o P _
2 y E.S= 200 G'Pa,

o Ec= we > (0043 ) [Fk 1Seo§ We 2S00

14



2) Concrete Cracked-Elastic Stresses Stage...
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Example 2.2

(a) If the T-beam shown is uncracked, calculate the stress in the concrete at the top and bottom
extreme fibers under a positive bending moment of 80 ft-k.

(b) If f, =3000 psi and normal-weight concrete is used, what is the maximum uniformly
distributed load the beam can carry if it is used as a simple beam with 24-ft span without
exceeding the modulus of rupture of the concrete?

(c) Repeat part (b) if the beam is inverted.

L s

y=10.811in. hy=5in.
centroid >0 1\
21.19in.i[ 27 in.
b, =121in.

SOLUTION

(a) Locate the neutral axis with respect to the top of the section:

bhy (%) + (by) (h — hy) (hf _h ‘2"")
b¢hy + (by) (h — hy)

y =

27 in.

(60in.)(5in.) (2.5 in.) + (12 in.) (27 in.) (5 in. + )
—10.81n.

(60in.)(5in.)+ (12 in.)(27 in.)

The moment of inertia is:

2
bh? _ h\% b th—h)® _ (h — hy)
IQ:T+b,h,|:<y—E) e S by =) | | P by A

(60in.) (5 in.)°
12 12

; 2 : : :
(60in) (5 in) (10.81 . — 5 m.) (12in.)(32in.—5in.)3

27in.\?
+(12in) (@32 in. — 5in.) (10.81 in. — 5 in. — 2'” )

= 60,185 in.

The stress in the bottom fiber under the given moment of 80 ft-k is:

Mc (80 ft-k) (12 in/ft) (32 in. — 10.81in.) 0.338 K/in.2 — 338 Ib/in.

fo =i
P 60,185 in.*

The stress in the top fiber is:

Mc _ (80 ft-k) (12in/ft) (10.81in) _ o i 2 qop i 2

B s
P 60,185 in.*
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(b) The modulus of rupture, £, of normal-weight concrete with f;, = 3000 psi is:
f. = 7.50/f, = 7.5(1.0)+/3000 = 411 Ib/in.?

The moment that causes a stress equal to the modulus of rupture is:

_flg (411 1b/in%) (60,185 in.?)
"¢ (32in.—10.81in)

= 1167.344 in-lb = 97.28 ft-k

The uniformly distributed load on a simple span that causes this much moment is:
8M _ 8(97.28 fi-k)
R T (2412

(c) If the beam is inverted, then the c term used to calculate M, is 10.81 in. instead of 21.18 in.,
hence:

W= = 1.351 k/ft = 1351 Ib/ft

flg (411 1b/in.?)(60,185 in.*)
c (10.811in.)

The uniformly distributed load on a simple span that causes this much moment is:

_ 8M _ 8(190.69 ft-k)

TR T (241t

This is almost double the load that the beam can carry if oriented the opposite way. Don’t
get the impression that this is the best orientation for a T beam, however. In the next section,
when we examine reinforced sections, the opposite will be true.

M, = = 2,288,255 in-Ib = 190.69 ft-k

= 2.648 k/ft = 2648 Ib/ft
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Example 2.6

Calculate the bending stresses in the concrete and the reinforcing steel, using the transformed
area method: f, = 3000 psi, normal-weight concrete, n = 9, M = 250 ft-k.

b= 60 in ————} D ) Y —
| ¢ in v l ¢ in I *
| | =5 A | | #=5in 4
2 d=28in. r
[ /:'; nA,=42.39 in.2
o Vv \
— — —>| —
b,=12in. b, =12in.

transformed section
SOLUTION

Assume the neutral axis is in the web, and take moments about the neutral axis of the transformed
section for this example:
h 2
oy ~blhy (x— ) + 25 = nAgd -0

(60in. —12in) (5 in.) (x - 5;”) + M

5 =(9)(4.71in.2)(28 in. — x)
Using a calculator with a solver for quadratic equations results in x = 5.65 in. Since this value
of x exceeds h; of 5 in., the assumption that the neutral axis is in the web is valid. If x had been
smaller than 5 in., then the value we obtained would not have been valid, and the preceding
equations would have to be rewritten and solved assuming x < hy.

= w + by — b,y (x . %)2 + % +b,x () +nAd — x?
_ B0 - 12 MBI . ot — 2R RD (5.65 in. — m)z
12 2
+ w +(9)(4.71in.?) (28 in. — 5.65 in.)
=24,778in*

The T-shaped part of the transformed section could be divided into rectangles in other ways

besides the one shown. The resulting answer would still be the same.
The stress in the concrete can now be calculated:

Mx (250 ft-k) (5.65 in.) (12 in/ft)

f_7_ — 0.684 k/in.? = 684 Ib/in.?

° 1, 24,778 in.*

This concrete stress is well below the allowable values that were once in the ACI Code. They

used to be 0.45f, = (0.45) (3000 Ib/in.?) = 1350 Ib/in.2.
The stress in the reinforcing steel can now be calculated:

nM({d—x) (9)(250 ft-k) (28 in. — 5.65 in.) (12 in/ft)

f— — — 24.354 k/in.? = 24,354 Ib/in.?

s I, 24,778 in.*
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